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Gust Velocity Spatial Distribution Effects on
Lateral-Directional Response of VTOL Aircraft

RoserT L. Swarm* anp Aronzo J. ConNorsT
Azr Force Flight Dynamics Laboratory, Wright-Patterson Adr Force Base, Ohio

The effects of spanwise distribution of longitudinal and vertical components of gust ve-
locity and longitudinal distribution of the lateral component on the lateral-directional
response of a nearly hovering VI'OL aircraft are analyzed. Results show that spanwise effects
of the longitudinal and vertical components are negligible, and the longitudinal distribution
of the lateral component is significant in computing the power spectral densities of gust-
induced side force, yawing moment, rolling moment, and the aircraft sideslip, yaw,
and roll rms response angles. If the gust-induced angles of attack and sideslip angles are
in the nonlinear range of lift curve slope, the foregoing conclusions, which are based on linear
aerodynamic theory, may not hold, and an analysis based on momentum transfer of gust

energy to the aircraft is recommended.

Nomenclature

b = wing span

Cra = wing lift curve slope

Cig = rolling moment due to sideslip stability de-
rivative

Ci, = rolling moment due to rolling velocity stability
derivative

Ci, = rolling moment due to yawing velocity stability
derivative

Cug = yawing moment due to sideslip stability
derivative

Crp = yawing moment due to rolling velocity stability
derivative

Co, = yawing moment due to yawing velocity sta-
bility derivative

Cys = gide force due to sideslip stability derivative

Cyy = side force due to rolling velocity stability
derivative

Cy, = side force due to yawing velocity stability
derivative

Doy, Dy = equivalent rolling and yawing gust gradients

g = acceleration of gravity

I, I, 1. = moments and product of inertia

j = (—1)2

LN, Y = gust-induced rolling moment, yawing moment,
and side force, respectively

L’ = integral scale of turbulence

L, = pUsSb2C1,/41

Ly = pUsSHC 1, /41,

Ly = pUsSbCi8/21,

Luy) = local wing section lift due Lo u,

I(wy) = local wing section lift due to w,

M = airplane mass

N, = pUSH2C,,/ 41,

N, = pUSH?C,, /41,

N, = pUsSbC,g/21,

N3 = pUoSbC,p/21.

P, T = rolling and yawing velocities

S = planform reference area

s = Laplace transform complex variable

uv,v,w = orthogonal components of total relative wind
velocity

Uy, Vg, Wy = orthogonal gust velocily components

Y, = pUsSHC,,,/4M
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Y, = pUSbCy,/4M

Y, = pUsSC,p/2M

a, B, 0 = perturbation angles of attack, sideslip, and
pitch

ag = steady-state or trim angle of attack

B = gust-induced sideslip angle

Yo = trim flightpath angle

p = freestream air density

Gug, 0oy 0wy = rms values of gust velocity components

ag, oy, T¢ = rms values of sideslip, yaw, and roll response
angles

®Dgy, Py, = power spectral densities of equivalent rolling
and yawing gust gradients

Pro), Prwy = power spectral densities of wg-induced rolling
and yawing moments

DL, Pyt = power spectral densities of ug-induced rolling
and yawing moments

Py = power spectral density of v,-induced side force

Dyy, Pry, P, = power spectral densities of gust velocity
components

bg, Py, By = power spectral densities of sideslip, yaw, and
roll response angles

o, ¥ = perturbation roll and yaw response angles

Subscripts

w = effect due to the wing

T = effect due to the vertical tail

wr = effect due to the wing and vertical tail

FT = effect due to the fuselage and vertical tail

0 = steady-state, mean, or trim value

Introduction

HE design of flight control systems for VI'OL aircraft

is still very much an art rather than a well-defined and
documented procedure. Attempts to apply to VTOL design
analytical approaches which were developed for conventional
types of aircraft have had only limited success in many cases.
One such area of limited success is in analytically modeling
and analyzing the dynamic response to atmospheric turbu-
lence during hover and transition flight. A fundamental
difficulty in this case involves providing a valid analytical
represcntation of the turbulence-generated disturbance forces
and moments acting on the aireraft.

The sources of aerodynamic forces and moments acting on
VTOL airceraft in low-altitude hover or near-hover flight
modes are the three orthogonal components of wind relative
velocity, U, V, and W, where, in general, each contains a
mean or steady relative wind component Us, Vo, and W and
turbulence or gust components u,, v,, and w,. For purposes
of point stability or frozen point dynamic analysis, the air-
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craft is usually assumed headed into the mean wind. In this

case,

U= U+ u, V=uy, W = w,

Uy, Uy, and w, will create forces and moments on the aireraft
by primarily two mechanisms: 1) circulation lift due to
Bernoulli’s theorem and the Kutta-Joukowsky law of circula-
tion, and 2) momentum transfer between the gust velocity
components and the airframe.

For conventional aircraft, where the flight speed is essen-
tially Uy and Uy >> ug, 04, w,, Vo, Wy, the gust aerodynamic
forces and moments (other than drag) are largely due to
circulation lift. However, as a VTOL aircraft transitions
to hovering flight, the contribution due to circulation de-
creases to the point where it may well be of the same order
of magnitude as the contribution due to momentum transfer
when turbulence is severe. Therefore, a valid aerodynamic
theory in the hovering mode must account for both types of
inputs.

Circulation lift theories are well-developed for conven-
tional aircraft and express the results in Taylor series ex-

MUs(s — Y,)
—1.Us(N;s + N,) I.(s* — N,s)
—I. UL, —1..8* — I.Ls

pansions (based on small perturbations) involving coefficients
and stability derivatives. Such theories are not nearly as
accurate for VIOL hover due to violation of the small angle
assumption on gust inputs—that is, inputs in the nonlinear
range of the lift curve slope. There are no good aerodynamic
theories which adequately describe the gust input forces
and moments due to either circulation or momentum transfer,
let alone both simultaneously, for VI'OL vehicles in or near
hover. Consequently, VI'OL designers continue to use the
stability derivative approach for deseribing vehicle gust
input forces in hover even though the applicability is ques-
tionable in many cases. It should be pointed out, however,
that it is still probably accurate enough to use a Taylor series
expansion (with stability derivatives) of the acrodynamic
forces and moments resulting from the motions of the air-
craft. These motions are likely to be within the small-
perturbation assumption on the dependent variables such as
pitch angle 6, angle of attack «, ete.—particularly where the
VTOL vehicle has a stability augmentation system (as most
do), which tends to maintain small angle responses to gusts
and other disturbances.

A further complication in computing the gust forees and
moments occurs when one wishes to account for the effects
of distributed gust velocities along the fuselage (penetration
effects) and across the wing span. For example, variations
in longitudinal component w, and vertical component w,
across the wing span at any time instant will induce rolling
and yawing moments, as will variations in lateral com-
ponent v, along the fuselage. The objective of the rescarch
reported herein was to determine the importance of these
gust velocity distributions on the lateral-directional response
of hovering VI'OL aireraft.

The approach taken, using power spectral density analytical
techniques, was to compare the vehicle yaw, roll, and sideslip
angle responses with and without the velocity distribution
effects being accounted for. The ecritical factor was in the
mathematical method used to describe the gust input forces
and moments. To the authors’ knowledge, only two methods
are available and both were developed for application to air-
craft in conventional flight, where the flight velocity is much
larger than the gust component velocities. This assures that

— WY, s — Mg siny,

the gust-induced forces and moments are duc largely to
circulation lift, with negligible momentum transfer between
gust field and aireraft. The first method! uses aerodynamic
transfer functions to describe the gust input forces and mo-
ments. This method requires considerably more information
on the acrodynamic characteristics of the aireraft in the form
of frequency response functions than does the second method.
For this reason the second method? was used to describe the
gust-induced forces and moments acting on the hovering
aireraft. In this method the gust velocities are represented
as equivalent rigid-body rotations of the airplane; namely,
rolling gusts, yawing gusts, and side gusts. The random dis-
tributions of gust velocities across the span and the fuselage
penetration effects are accounted for in defining the rolling,
vawing, and side gusts. Flowfield interaction effects due to
lift engine exhaust were neglected, though these would be
important in a quantitative design.

Equations of Motion

The three-degree-of-freedom, lateral-directional, small-per-
turbation equations of motion of a free airframe can be written
asin Eq. (1)3%:

M(=Y,s—¢g cosvo):l l: 8 :| |: Y:l
—1,.8* — ]zJVpS ‘l/ — N (1)
[:c<82 - LPS) ¢ L

B, ¥, and ¢ arc the small-perturbation sideslip, vaw, and
roll angles, respectively. Y, N, and L arc the respective side
force, yawing moment, and rolling moment induced by the
three components of gust velocity u,, v,, and w,.

In order to simplify the description of ¥, N, and L, it
has been assumed that the side force Y is due to v, acting on
the fuselage and vertical tail, the yawing moment N is due
to u, and w, acting on the wing and v, acting on the fuselage
and vertical tail, and the rolling moment L is due to u,, v,
and w, acting on the wing and v, acting on the vertical tail.
Thus,

YV = Yl"'l'(yu) N = AVW(’U/,,,’U),]) + AVI"T(U!I)
L= [‘W(u!lyyfhw!l) + LT(”;/)

Or, in matrix transfer function form,

K
Gl o, o]
©. 1001 0.

Denoting the square matrix in Eq. (1) by D(s), we have

8 v
v | = De1 [
¢

@)

RO

Combining Eqgs. (2) and (3) gives the matrix equation in
Eq. (4). In terms of power spectral densities and assuming
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g, ¥, and w, are uncorrelated, we have

100, 0.
- 100, 00
). (00

\(
I
i

)G,
).,

¢ ).

N

~e M M

Baw) = Jn(@)]Buy(w) + [0n(@)] 1y (@) + |aa(e)| 4, (@)

6)

By(w) = |an(w)| P (@) + |an(w)]*P.,(w) +
[a23(w)12¢‘“.g(w) (6)

By(w) = |an (@) P, (@) + |an(w)] P, () +
lag;;(w){‘z(l)u,y(w) (7)

The infinite integrals of Eqs. (5-7) yield the variances or
mean square values of the aireraft response angles 8, ¢,

and ¢:

opt = [ ®peide ®)
oyt = f_mm Dy (w)dw 9)
o4t = f 7 y(w)de (10)

In order to assess the importance of spanwize and axial
(penetration effects) distributions of gust velocities on hover-
ing VTOL aireraft, Eqgs. (8-10) were evaluated for a hovering
VJ-101, both with and without distribution effects included.
From this analysis of a single configuration it was possible to
draw some general conclusions.

The a,; matrix in Eq. (4) relates the response angles to the
component gust velocities. The elements of ay;, as a func-
tion of frequency, are dependent on the airframe transfer
funetions of Tq. (3) and the gust input transfer funetions of
Eq. (2). The distribution effects are included in the gust
transfer functions.

The flight condition analyzed was that of near-hover over
a spot at 50 ft altitude and headed into a 25-fps mean wind.
The data used in evaluating the elements of Eq. (1) are:
Up = 25 1ps; vo = 5.5°%;, g = 32.2 it/sed M = 471.8 slugs;

I. = 18,530 slug-ft?; [L = 45,700 slug-ft?; /.. = 5200 slug-
2 Y. = —0.034; @y = —7.5% L. = —000384; N, =
0000863 Ny =0; Y, =0.106; L, = 0.0109; N, = —0.0228;

Y, = —O 0182; L,, = —0.0131; N, = —0.00268. With
the substitution of s = ju, the nine airframe transfer functions
of Eq. (3) were determined as a function of « from Hq. (1).
The denominator for each of these nine is

A(s) = s(s + 0.0213)(s + 0.507)(s* — 0.458s + 0.233)

(1)
The negative damping in the quadratic factor indicates that
the vehicle is unstable and would require stabilization by a

stability augmentation system and/or a pilot in the control
loop. Without getting into a discussion of what constitutes

+
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:é> wn w + <% w [3;’} = [alj]{:j)ﬂ’] (4)
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desirable handling qualities, it was assumed augmentation
could be provided which would yield the following closed-
loop characteristic polynomial:

As) = (s 4+ 0.1)(s + 0.2)(s + 0.3)(s2 + 0.2s + 1) (12)

This could be achieved using state variable synthesis tech-
niques and sensing of the three outputs ¢, ¥, and 8. In
Eq. (12) the dutch-roll quadratic has a damping ratio of 0.1
and natural frequency of 1. rad/sec. In the frequency
domain,

(0.0705w* — 0.117w? 4+ j(w® — 0.0014w3 4~
0.0025w)

() ‘
(w) (13)

"~ (08w' — 0.6280? + 0.006) +
J{w® — 1.23w® + 0.1112w)

'}‘he produets of Eq. (13) and each of the airframe transfer

functions of Eq. (3) give the closed-loop airframe transfer

functions.  These are used in the evaluation of the a;; matrix
of Eq. (4).

Gust-Induced Forces and Moments

Following the method in Refs. 2 and 4 of representing the
gust velocities as equivalent rigid-body rotations, consider

1 . J 1 B
Lw,) = — ‘é'pC‘OZSb(Cz,,)W 2% =7 pUo®Sb(Cr)wDe, (14)
L{u,) = — 1 pUa®Sb(Cr)w b _ Us®Sb(Cr)wD 15
AUy 9 1121/ 4P/0k(z)w Y, (15)

At any instant, the random distribution of vertical gust
velocity w, across the span has some equivalent average
lincar spanwise gradient which produces the wing rolling
moment L(w,). D¢, as defined by FKq. (14) is the equivalent
1()lling gust gradient. Likewise, 1)1#,, is the equivalent yaw-
ing gust gradient due to spanwise distribution of w,. w,
also produces a wing yawing moment which is assumed to be
in phase with the rolling moment (see Ref. 4 for justifica-

tion). Likewise, wu, produces a wing yawing moment.
Thus,

N@w,) = (Cop/Crwl(w,) = $pUs*Sb(C.,)wDe,  (16)

Nu,) = (Co/Ci)wl(u,) = 1pUSb(C)wDY,  (17)

The turbulence is assumed to be homogeneous and iso-

tropic. Also, the statistical properties of the gust patches

are assumed constant as they traverse the aireraft (Taylor’s
hypothesis).  u,, v,, and w, are assumed to have the following
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Fig. 1 Ratio of rolling gust to side gust spectra.

power spectral densities:
oL’ 1
7I'Uo 1 + ((J.)L'/U())2

®,, =

a2l 1 + 3(wL'/U)*
= = g = . !
Do, = Us™Pp, = Py 2xUs [1 4 (wL'/Ug)?]? 19

where 0,2 = 0,2 = 0,,2and

rugt — f 7 Gudo = f " Bde = f 7 #,,do

There is room for argument as to whether or not this mathe-
matical model accurately represents low-altitude turbulence—
particularly since such turbulence is not strictly isotropic;
however, the model is sufficiently accurate for our purposes
here.

Now,
Doy = |2 3y, = (D" 2 20)
and
Ppy, = Dﬁf”ucbﬂg = %%”2%“; @1)
Thus, from Egs. (14) and (15),
By - BOTEICIT DBy
Bruy = Ee!ff%o(?cm]z %g 5., 23)
And from Eqs. (16) and (17),
Prtup = (Cup/Crp)3Priu (24)
Byigy = (Con/Cr)w®riup (25)

| D¢,/ B,|2 and |Dy,/B8,|? are obtained from Figs. 15 and 16
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Fig. 2 Ratio of yawing gust to side gust spectra.

J. AIRCRAFT

of Ref. 2, which are reproduced here as Figs. 1 and 2. The
details of the derivations of these curves are given in Refs.
2 and 4 and will not be repeated here. A few words con-
cerning the assumptions made are in order, however. The
theory used assumes that the aerodynamic forces vary
linearly with u, and w,. This implies that u, and w, must
be sufficiently small compared to the mean wind Us,. The
lift curve slopes of most subsonic wings are linear up to about
14° angle of attack. Therefore, since the gust-induced angle
of attack is given by a, = arctanw,/U; = w,/U,, for a mean
wind of 25 fps, we must have w, < 6 fps, approximately,
for low trim angles of attack. For gust velocities larger
than this, the assumption of linear aerodynamics is less
valid and momentum transfer of gust energy to the aireraft
becomes significant compared to forces due to circulation
lift. A further assumption of the linear theory on which
Figs. 1 and 2 are based is that the ratio of wing lift due to
u, and wing lift due to w, is given by*

l(ua)/l<wz7) = 200(Ug/w,) (26)

We have
lug) = 3p[(Uo + u)? — Up?)SCracto (27)
lw,) = $pUsSCrqlarctan(w,/Us)] (28)

() _ (ug? + 2Ugug) o
lw,) U arctan(w,/ Up)

(29)

Comparison of Eqs. (26) and (29) shows they are nearly
equal if u, < Upand w, < Us. If w, = w, = 6 fps, then
Eq. (29) gives I(u,)/l(w,) = 2.24 aq, compared to 2aq from
Eq. (26)—about a 109, error. With the limit of about 6
fps on %, and w, magnitudes, the aerodynamic theory used
is reasonably accurate in accounting for the gust forces
acting on the aireraft hovering in a 25-fps mean wind at
low angles of attack. And in fact, reasonably good repre-
sentation can be expected as long as the ratios of component
gust velocities to mean wind velocity are less than about
6/25.

Consider now the effects of the lateral gust veloeity com-
ponent v,. The yawing moment of the fuselage and vertical
tail, due to penetration into lateral gusts referenced at the
center of gravity, has been derived in Ref. 5, where a simple
profile shape was used to define the side force distribution
over the fuselage and vertical tail due to sinusoidal v, com-
ponents. As developed in Ref. 5 and summarized in Ref. 2,

— 2
<N> = WPU"{ 2000 ((2ky — jho? + 2)e — 2] +

Uy ko3

(s — 1) (81 — s0)?

(ky — ky)?

[@ky — Ey — j2 — jkiks +
ket — (ky — jz)e—:‘kn]} (30)

where k. = wx,/Us, (n = 0, 1, 2); and zo, 21, 22, S, and
s; are the profile dimensions shown in Fig. 3. Equation
(30) is based on slender-body theory and requires small
sideslip angles; again »,/U, = 6/25 gives about 109, error.
The side foree transfer function is given in Eq. (31):

2
<~> = wpUs {% 1 — (1 — jkoe®] +

2
]

<H>2 e= — (1 — jki + jkz)e‘j’”]} @31

1

hy Fig. 3 Fuselage pro-
S file.
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Now, at w = 0 it can be shown that Eqs. (30) and (31) reduce
to

(JE> _ mpUs [_2802‘% + (s — so)? <€C2 4 ﬂ):l =
Vy/) rr 3 2

1
3 pUSH(Crg) e (32)

Y —apl 1
(*) ~ TP [2502 4 (81— 80)2] = — onS(Cw)FT
Vy/ FrT 2 2

(33)
(Cug)rr and (C,g)rr are fuselage-tail steady-state stability
derivatives, and the profile parameters in Fig. 3 should be
adjusted so that Eqgs. (32) and (33) are satisfied.

The rolling moment transfer function due to lateral gusts
on the wing and vertical tail is

L/v)wr = (L/v)w + (L/v)r (34)
where
L/v)w = 3pUsSb(Cig)w (35)

As derived in Ref. 5, the second term in Eq. (31) is the side
force due to the vertical tail. Thus,

— 2 .
<£> — 77'/7[70]12 <81 So) [e—-j/q — (1 — jk1 +jk2)6_]k2]
V) T ke — k1
(36)

where 7. is the distance of the vertical tail profile center of
pressure above the z axis. At @ = 0, it ean be shown that
Eq. (36) reduces to

L/vy)r = —gmpUdhz(ss — s0)* = $pUsSb(Cig)r  (37)

where (Cig) 7 is the vertical tail rolling moment duc to sideslip
steady-state stability derivative. A. must be chosen so that
Eq. (37) is satisfied. Thus,

h, = [—Sb(C’m)T]/ﬂ'(sl - 80)2 (38)
Combining Egs. (34-36 and 38) gives
L/vwr = L/vyw + (L/v))r

- onSb(CzB) T
(ks — kp)*

fe=if — (1 — jki + jho)e™ 7] 4
% pUsSh(Cighw  (39)

For the VJ-101 aircrafs and flight condition analyzed
herein, the steady-state stability derivatives and profile

w0* T T T T

(145 - sec”)/rad

W~ rad/sec

Fig. 4 Yawing moment power spectra.
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Fig. 5 Rolling moment power spectra.

parameters needed in the foregoing equations are tabulated
below:

Cw = —03 Cyg)rr = —2711  z, = —18ft
Cig)r = —0.307  (Cop)rr = 0337 2= 161t
(Ciyw = 0.175 b= 19.69ft ko= 0.96wrad
(Cr)w = —021 S =200t k= —072wrad
(Cug)r = —2.43 so= 31t ks =  0.64wrad
(Cnr)W = —0.1 8§ = 1545 ft

(Copyw = —0.106 o = 241t

The power speetral densities of yawing moment, rolling
moment, and side force due to v, are given by

Bropy = |(N/05) pr]| ™Dy (40)
‘I’L(vg) = I(L/Un)WT|2‘i’vg (41)
q)Y(vg) = I(Y/vv)l"’l'l%pvg (42)

Equations (40-42) were evaluated for discrete values of fre-
quency o and are shown plotted in Figs. 4-6. The curves
are normalized by the mean square values of gust velocity
as given in the turbulence models of Eqs. (18) and (19).
Likewise, Iigs. (22-25) were evaluated and plotted on the
same figures.

The dotted curves in Figs. 4-6 are the power spectra of gust-
induced yawing moment, rolling moment, and side force with
uniform spanwise and axial distribution of gust velocities.
Uniform u, and w, across the span will produce no yawing or
rolling moments, and v, uniform axially means lateral gust
penetration effects are not included. With uniform dis-

2
/0

rad)
s

2

(105 - seca)/(r‘f

100.

W~ rad/sec

Fig. 6 Side force power spectra.
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Fig. 7 Sideslip angle power spectra.

tributions, in terms of total-aircraft derivatives,

Y = 5pUeSC\v, (43)
N = 3pUsSbCgu, (44)
L = $pUsSbC v, (45)
And the power spectra are
Prop = [3pUeSCy6]*d0, (46)
Dy = |3pUoSHC,|%D., (47
®rip = |5pUeSHC 4| %P, (48)

Examination of Fig. 4 shows that yawing moment due to
u, is an order of magnitude less than that due to w,, which
is in turn two to three orders of magnitude less than that due
tov,.  Also, comparison of the two @y, spectra shows pene-
tration effects on yawing moment to be quite significant.
The areas under the two curves indicate that the rms value
of v-induced yawing moment is 73 o, with penetration effects
included and 33 ¢,, without.

Similarly, Fig. 5 indicates that rolling moment due to
u, and w, are several orders of magnitude less and one order
less, respectively, than that due to v, Comparison of the
two $1(v,) power spectra with and without penetration effects
included shows penetration effects on rolling moment to be
negligible since the curves are nearly coincident below a fre-
quency of 5 rad/sec. The contributions to the rolling mo-
ment of the portions of the spectra above 5 rad/sec are
negligible.

10 T ¥

(rad—secy)/{-rz

0l

Ee——— \
‘U’, UNIFORM AXIALLY — .\

\
N L i 1%
.o ! 2 0.

w~ rad/sec

Fig. 8 Yaw angle power spectra.
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o0t 1 L \
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Fig. 9 Roll angle power spectra.

There is no contribution to side force from u, and w,; the
contribution from v, is shown in Fig. 6. Again, a comparison
of the two ®y(v,) power spectra shows penetration effects to
be negligible in determining the side force power spectral
density.

The order-of-magnitude differences between the yawing
moment, rolling moment, and side forece power spectra due
to u, and w, spanwise effects and the power spectra due to
v, allow the significant conclusion that spanwise variations
in u, and w, are negligible in determining the lateral-direc-
tional responses of hovering VIOL aircraft and the gust-
induced forces and moments acting thereon. Even wide
variations in configuration parameters for various VTOL air-
craft will not significantly alter the order-of-magnitude rela-
tionships shown previously. However, let it be emphasized
again that these conclusions are drawn from an analysis based
on linear aerodynamic theory, which in turn says that the
gust forces and moments are due to circulation lift and not
momentum transfer of energy from the gusts to the vehicle.
For hover with low trim angles of attack and/or sideslip
angles in less than severe turbulence (v,/U, and w,/U, less
than about 6/25), circulation lift is the predominant mecha-
nism.

Not a general conclusion, but for the VJ-101 analyzed,
axial penctration of the lateral gusts, refercnced at the center
of gravity, is significant only for yawing moments and has
a negligible effect in determining rolling moment and side
foree power spectra for the hovering aircraft.

Lateral-Directional Response

Now that we have established that only the lateral com-
ponent of gust velocity need be considered in analyzing the
lateral-directional response of the hovering aireraft, matrix
equation (4) reduces to the following three equations for the
sideslip, yaw, and roll response angles:

= [0, ).+ (. ]+
=[0)0), (), (), -
=[O0, O, (.1

In power spectral density form,

= (D)) + (). + B,

2

i

vg

(52)
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(53)

= (O, (O, (O

(54)

Equations (52-54) were evaluated for discrete values of fre-
quency, normalized by the variance or mean square value
of v, and plotted as the solid curves in Figs. 7-9. These
curves include penetration effects, and (N/v))rr, (Y/vy)rr,
and (L/vy)wr in Eqs. (52-54) are as given in Eqgs. (30, 31, and
39). The dotted curves in these figures give the response
power spectra without lateral gust penetration cffects in-
cluded, and were derived from Eqgs. (52-54) with the follow-
ing terms, obtained from Eqs. (43-45), used in place of the
frequency-dependent gust transfer functions:

(Y/vy) = %p (/TOSCyﬁ (55)
(N/vy) = 5pUsSbC.g (56)
(L/U_,,) = %p (,‘TOSbClB (57)

Study of Figs. 7-9 reveals that differences in the response
spectra are most pronounced near the closed-loop dutch-
roll frequency of 1. rad/sec. The mean-square values of 8,
¥, and ¢ were obtained by graphically integrating Eqs. (8-10),
both with and without (v, uniform axially) lateral gust pene-
tration effects included. With penetration effects:

og® = 1.492 X 107402 ay? = 12.955 X 107 %0,,>
ou? = 9117 X 10%.,2 o5 = 1.222 X 10 %0,,
gy = 3.6 X 1073, gy = 9.57 X 1073,
Without penetration effects:
og® = 53.1 X 107 %42
73.38 X 107%0,,2
1.008 X 10~ 2%gy,

gy = 1.014 X 107%,2
gg = 7.3 X 10 %0,
g, = 8.58 X 107%q,,

O'¢,"2

If

ay

The ratios of rms response with penetration to rms response
without penetration effects are

og ratio = 1.67 oy ratio = 3.57 oy ratio = 1.12

Thus, on this particular vehicle with the assumed stability
augmentation, neglect of penetration effects gives uncon-
servative results for all three response angles.

For a lateral gust intensity (rms value ¢.,) of 6 [ps, the
rms responses with penetration effects included are: ag =
420°% oy = 1.24°; o, = 3.29°. Without penetration
effects included: op = 2.51°; oy = 0.35°; o, = 2.95°.
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Conclusions and Reecommendations

1) The linear aerodynamic theory used herein is reason-
ably accurate (about 109, error) for summed trim and gust-
induced angles of attack and sideslip angles up to the limit
of lift curve slope linearity. For larger trim and gust input
angles an approach based on momentum transfer of gust
energy to the aireraft should be developed and applied.

2) In the linear acrodynamic range, spanwise variations of
longitudinal and vertical components of gust velocity are
negligible in determining gust-induced side force, yawing
moment, rolling moment, and sideslip, yaw, and roll power
spectra and rms response angles for hovering VTOL aircraft.
Only the lateral gust velocity component need be considered;
and, in general, the axial distribution or penetration effects
must be accounted for. The longitudinal dynamics were
not considered in this work; however, it seems reasonable
that spanwise distributions of 4, and w, would have even
less effect on pitch angle response than they have on roll and
vaw response. On the other hand, axial distribution of w,
(penetration effect) would appear to be as significant to
pitch response as axial distribution of v, is to lateral-direc-
tional response. It is recommended that these effects on
longitudinal response be investigated. The analytical meth-
ods herein and in the mentioned references are directly
applicable to the longitudinal case.

3) The power spectra of 8, ¥, and ¢ peak in the vicinity
of the closed-loop dutch-roll natural frequency (1 rad/sec
in the example presented), and the differences in the spectra
with and without », penetration effects are greatest there.
Thus, great care should be exercised in caleulating the spectra
in this region.

4) The analysis methods outlined in this work should be
applied to VTOL aireraft in various stages of transition flight
to determine the range of flight conditions where spanwise
effects of u, and w, are no longer negligible compared to v,
effects.
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